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Abstract 
 
In wireless sensor networks, virtual backbone has 
been proposed as the routing infra-structure and 
connected dominating set has been widely adopted as 
virtual backbone. If we can find a connected 
dominating set composed of small number of sensors, 
more efficient routing and area monitoring can be 
executed. However, since the sensors in wireless 
sensor networks are prone to failures, recent studies 
suggest that, it is also important to maintain a certain 
degree of redundancy in the backbone.  
In this paper, we both consider the routing flexibility 
and the fault tolerance which are hard to achieve in 
connected dominating set. Since the objective is 
constructing the backbone with a small number of 
sensors, this problem is referred to as the minimum 
k-connected m-dominating set problem. In this 
research, we use an integer programming approach to 
find an optimal solution to the problem, and to the 
best of our knowledge, this is the first exact approach. 
Some preliminary computational results are included, 
and extension on the research will be discussed. 
 
1. Introduction 
 

Recent advances in digital technologies have 
enabled the development of low-cost, low-power and 
multi-functional sensor. When the sensors are 
connected in a wireless manner, a new wide range of 
applications, such as environmental monitoring, 
military surveillance application, healthcare, 
inventory tracking, traffic control and etc., became 
possible. Generally, sensors gather environmental 
information within their sensing ranges and transmit 
the processed information over wireless networks to 
the other sensors or a remote running application. 

Typically, wireless sensor networks (WSN) has 
no network infrastructure. Therefore, to send a 
message, although the simplest routing method is a 
flooding, this not only devastates batteries of the 
sensors but gives negative effect on the throughput of 
the whole network as indicated in [25]. 

Furthermore, if we use the flooding for 
broadcasting purpose, it probably causes 
broadcasting storm problem as shown in [15]. 
Therefore recent broadcasting, activity scheduling 
and area monitoring algorithms use the concept of 
the virtual network infrastructure, so called backbone. 

Backbone can be defined as a subset of sensors that 
can perform data communication tasks and to serve 
nodes that are not in the backbone [20]. Previous 
work [18] has shown that the backbone can reduce 
the routing overhead dramatically. Also, there is a 
vast literature about the backbone construction, and it 
can be found in [19]. 

A primary backbone concept used in the 
literature is a connected dominating set (CDS). The 
sensors in the CDS are called dominators, and the 
other sensors are called dominatees. The CDS have 
the following properties. First, each sensor in the 
networks is either in the dominating set or has a 
neighboring sensor that is in the dominating set. 
Second, connectivity is required among the 
dominators for proper protocol functioning. 
Usefulness of the CDS in WSN has been 
demonstrated in many communication protocols such 
as media access coordination, unicast, 
multicast/broadcast, location-based routing, energy 
conservation and topology control (More 
comprehensive review can be found in [4].).  

However, since the sensors in WSN are prone to 
failure, recent researches [1, 5, 12, 13] indicate it is 
also important to maintain a certain degree of 
redundancy in the CDS. Assume that we have a 
dominating set such that, every dominatee has at 
least m adjacent dominators and between any pair of 
dominators, there exist at least k different paths. Then, 
even m-1 adjacent dominators are dead, dominatee 
sensor still can be connected with the dominating set. 
Also, even k-1 dominators are failed, dominating sets 
still can form a CDS. This type of dominating set can 
enhance the fault tolerance and the routing flexibility, 
and it is referred to as the k-connected m-dominating 
set (kmCDS).  

The quality of the kmCDS can be measured by 
the size with respect to the minimum possible size 
for the same network. Although many algorithms for 
the minimum kmCDS were suggested in [8, 16, 17, 
21, 24], none of them guarantees the exact solution. 
To the best of our knowledge, no exact algorithm for 
the minimum kmCDS problem has been developed. 

The main purpose of this research is, when a 
graph is given with k and m, designing an optimal 
algorithm to find a minimum kmCDS. (Note that, 
when k=1 and m=1, the problem is a minimum CDS 



problem which is one of the well-known NP-hard 
problems [10]). 

The remainder of this paper is organized as 
follows. In Section 2, we discuss a mathematical 
formulation for the minimum kmCDS problem. In 
Section 3, we show an optimal algorithm based on a 
combinatorial Benders' cut, and additional 
constraints for the minimum kmCDS will be 
introduced. Section 4 contains computation results of 
our optimal algorithm and the following Section 5 
introduces how the optimal algorithm for the kmCDS 
can be used to find a maximum network lifetime. 
Some preliminary computational results are also 
included. Finally, in Section 6, we conclude this 
paper and discuss some future research directions. 
 
2. Mathematical formulation 
 

This section presents a mathematical 
formulation for the minimum kmCDS problem. 
Before introduce our formulation, we review the 
objective and restrictions of the problem more in 
detail. The objective is clear. When a graph is given 
with k and m, we want to minimize the number of 
vertices in the dominating set. Only two restrictions 
exist. First restriction is, if a certain vertex is a 
dominatee, then it has at least m dominators. Second 
restriction is, between any pair of dominators there 
exist at least k vertex disjoint paths (Note that, since 
the sensors are prone to failures, we want to establish 
the vertex disjoint path instead of the edge disjoint 
path.). 

To formulate the problem, decision binary 
variables di are defined as follows. 
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To represent the first restriction, assume that vertex i 
is set to dominatee (di=0). Then, there exist at least m 
adjacent dominators to the vertex i. Let the set of 
neighbors of a vertex i as N(i). 
Then, 
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holds. 
Now the second restriction remains. However, 

constructing the corresponding inequalities seems 
challenge because the establishment of the vertex 
disjoint path requires prior identification of the 
dominators, which are the decision variables we need 
to find. In other words, after the dominating vertices 
are chosen, vertex disjoint path inequality can be 
established as follows.  

Let S be the set of such dominators and xe for 

each edge e(=ij) E. After then, 

. , with \ allfor 
and 1 with },{\ allfor 

and  ,, allfor ,1
)(\

WtWsZSW
kZtsSZ

tsStsx
Wi WZSj

ij

∉∈⊆
−=⊆

≠∈≥∑ ∑
∈ ∪∈

can be constructed as shown in [11]. 
In this research, instead of putting an effort on 

the direct representation of the vertex disjoint path 
inequality, indirect method will be adopted and 
discussed in Section 3. However, the following 
additional inequalities can be obtained due to the k-
connectivity requirement. 
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These inequalities show that, to form a k vertex 
disjoint paths, if a certain vertex i is set to dominator 
(di=1), then vertex i is adjacent to at least k different 
dominators. 

Let the mathematical formulation composed of 
the listed inequalities as P and it is shown as follows. 
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3. Optimal algorithm 
 

In this section, we propose an optimal algorithm 
for the minimum kmCDS problem. Our optimal 
algorithm asks to use combinatorial Benders' cuts, 
Kth best minimum cut identification algorithm, vertex 
connectivity finding algorithm and edge connectivity 
finding algorithm. We first review the each sub-
algorithm, and then provide the optimal algorithm 
later. 
 
3.1. Combinatorial Benders' cut 

Combinatorial Benders' (CB) cut was first 
shown in [7] to handle the constraints with big-M 
coefficients efficiently. It divides the original 
problem into two problems, so called master problem 
and slave problem. Each problem contains the part of 
the constraints of the original problem. For 
convenience, we made a small modification on the 
original problem. Let Original be a mixed integer 
programming problem with the following structure:  
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Now we split the Original into two sub-problems as 
follows: 
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At first, we solve Master optimally and let x* be the 
generated solution from Master. Then x* be an input 
to Slave. When we solve Slave, two cases can happen, 
whether Slave has a feasible solution or not. If Slave 
has a feasible solution y*, then clearly, (x*, y*) is an 
optimal solution of Original. If Slave is infeasible, x* 
is infeasible for Original, too. In order to break the 
infeasibility, at least one of x* variables need to be 
changed. To derive the inequality in the x space, let I 
and O be the sets of indices of x variables which are 
set to one and zero in Master, respectively. Then the 
following CB cut can be established: 
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This CB cut is added to Master and iterating this 
procedure will produce an exact solution. Interested 
reader can find more detailed procedure of the CB 
cut in [7]. 

Now we discuss how the CB cut can be used to 
solve the minimum kmCDS problem. Since the 
formulation P guarantees the minimum m-
dominating set, after solve P optimally, we can 
construct the graph G’ as the following.  
INPUT: d* from P 
Step 1. Let V’ be the set of i such that 

. ,1* Vidi ∈∀=  
Step 2. Let E’ be the set of e=(ij) such that i V’, 

 j V’ and e(=ij) E 
OUTPUT: G’=(V’, E’) 

According to Menger's theorem, if the 
vertex connectivity of the graph G' is k, there exist at 
least k vertex disjoint paths between any pairs of the 
vertices in G’. Thus, if the vertex connectivity of G’ 
is greater than or equal to k, we obtained minimum 
kmCDS. Otherwise, if the vertex connectivity of G’ 
is less than k, at least one of d* variables need to be 
changed in order to break the infeasibility. Note that 

for a given graph G=(V,E), the complexities of 
computing the vertex connectivity and edge 
connectivity are O(|E|1/2|V|2) and O(min{m3/2n, 
n5/3m}), respectively from [23]. Therefore, if we 
apply the decomposition technique to our minimum 
kmCDS problem, the problem can be decomposed 
into two problems such that, Master obtains the 
minimum m-dominating set and Slave guarantees the 
k-connectivity. 

Although Slave cannot be represented by the 
linear inequality, note that the vertex connectivity can 
be checked in polynomial time. Therefore, the 
following Figure 1 shows how the CB cut can be 
applied to solve the minimum kmCDS problem. 
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3.2. Kth best minimum cut 
In this section, we address the detailed 

procedure to find the Kth best minimum cut, and 
explain how it can be used to derive the stronger 
inequality to solve the minimum kmCDS problem. 

Before giving a detailed explanation about the 
algorithm for the Kth best minimum cut, we briefly 
review the classical minimum source-sink cut 
formulation suggested in [9] as follows. 
For a given directed graph G=(V, A), there is a 
variable ui for each vertex vi V and a variable yij 
for each arc (vi,vj)  A (let A’={(ij):(vi,vj)  A }).  
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For a given graph with the source and sink 
vertices, if we solve Mincut optimally, minimum cut 
arcs which separate V into S and V\S can be found. 
Also, if the vertex i belong to S, corresponding vertex 
variable ui takes zero, contrarily, if vertex i belong to 
V\S, corresponding vertex variable ui takes one. Then 
the following simple procedure using the CB cut can 
be applied to find the Kth best minimum cut. 
INPUT: G=(V, A) and k   
Step 1. Construct Mincut and set i=1  
Step 2. Solve Mincut optimally.  
Step 3. If i is reached to K, stop. Otherwise, increase 

i by one.  
Step 4. Add CB cut to Mincut to exclude out the 

Figure 1. Application of CB cut to minimum
kmCDS problem. 



current solution and return to Step 2.  
OUTPUT: Kth best minimum cut 
 
3.3. Additional constraints 

Now we change our attention to the case such 
that, when we solve P(=Master), vertex connectivity 
of G’ is strictly less than k (If the vertex connectivity 
of G’ is greater than or equal to k, we obtained 
optimal.). Therefore, there exist two vertices s and t 
such that the number of vertex disjoint paths is 
strictly less than k. Clearly, for a given two vertices, 
the number of edge disjoint paths is always greater 
than or equal to the number of vertex disjoint paths. 
Therefore, the following two sub-cases are possible. 
First, the number of edge disjoint paths is equal to 
the number of vertex disjoint paths. Second, the 
number of edge disjoint paths is greater than the 
number of vertex disjoint paths. Figure 2 shows the 
second case. 

s tb
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In any cases, if there exist k vertex disjoint paths, 
corresponding k edge disjoint paths can be 
constructed. In other words, if we fail to construct the 
k edge disjoint paths, we cannot build k vertex 
disjoint paths. In this section, we will use this 
property to identify the additional constraints. 

Let S be a proper subset of V, such that S 
contains at least one vertex u that does not have any 
neighbor in V\S. Similarly, resulting V\S contains at 
least one vertex v that does not have any neighbor in 
V. Among the vertices in S, let C(S) and C\S be the 
sets of vertices which have neighbor in V\S and V, 
respectively.  

The Figure 3 represents the condition. Then, clearly, 
at least one vertex in each C(S) and C(V\S) must be 
selected as a dominator. Otherwise, u and v cannot be 
dominated by any neighboring dominators. Thus 

between such S and V\S, at least k vertex disjoint 
paths exist. Therefore, corresponding k edge disjoint 
paths exist. 

Now the following additional constraints can be 
added to P. Let S’ be the proper subset of V such that 
S' and V\S’ contain at least one vertex u and v with 
the aforementioned property. 
Also, let ks’ and kv\s’ be the minimum numbers of 
vertices in C(S') and C(V\S') to form k different edges. 
Then,  
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can be established. To guarantee the connectivity 
between the vertices in C(S') and C(V\S'), the 
following constraints can also be added (let 
E'={(ij):(vi,vj) E}). 
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However, since the number of constraints can be 
huge, adding these constraints to P all at once seems 
impractical. Therefore, in this research, we propose a 
scheme which generates the violated constraints by 
the d* of P. Now the scheme follows.  
INPUT: G’=(V’,E’) generated from d* of P  
Step 1. Identify the components of G’ such that each 

component has k edge connectivity.  
Step 2. Construct the Mincut and set i as one.  
Step 3.  

For all ith component do  
  Step 3.1. Set ui variables of ith component  

as 0. 
Step 3.2. Set ui variables of the other  

components as 1. 
Step 3.3. Solve Mincut optimally. 
while Generated S and V\S do not contain  

aforementioned u and v do 
Step 3.3.1. Add CB cut to Mincut to  

exclude out the current  
solution. 

Step 3.3.2. Solve Mincut optimally. 
end while 
Step 3.4. Drop the fixed ui variables and  

CB cuts. 
Step 3.5. Identify the corresponding  

additional constraints and  
increase i by one. 

end for 
OUTPUT: Violated constraints 

 
 

Figure 2. one s-t vertex disjoint path: sabct, two 
s-t edge disjoint paths: sabct, sdbet. 
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Figure 3. Illustration of condition such that u and 

v are in S and V\S, respectively. 



3.4. Flowchart of an optimal algorithm 
In the previous sections, we discussed several 

sub-problems and sub-algorithms to design the 
optimal algorithm for the minimum kmCDS problem. 
Now, the overall process of the optimal algorithm 
can be summarized as shown in Figure 4. 
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5. Computational results 
 

In this section, we evaluated the performance of 
the optimization algorithm, which is suggested in this 
research. All graphs in this section obtained by 
running the graph generator code in the web, 
http://www.brandonparker.net/graph_gen.php. The 
code takes the number of vertices as an input, and 
then it generates four types of connected graphs: 
sparse, medium, dense and complete graph. 
Performance of the algorithm was tested in these 
graphs, and the algorithm was implemented in C++ 
and ILOG CPLEX 11.0 was used as optimization 
software. All experiments were run on AMD 
AthlonTM 64 X2 Dual Core (2.70 GHz) with 2GB 
Ram, and measurement unit of the algorithm runtime 
is second. 

For each type of the graphs, we change the 
number of vertices from 10 to 50 with an increment 
10. Two numbers in each cell of the table represent 
the number of vertices and the consumed algorithm 
runtime in second, respectively. In some cases, 
kmCDS does not exist for a given graph and these 
cases are denoted by N/A sign. 

Now the results are following as shown in 
Tables 1, 2, 3 and 4. 

Table 1. Minimum kmCDS in sparse graph. 
|V| k=1, m=2 k=1, m=3 k=2, m=1 
10 6, 0.0 7, 0.0 4, 0.0 
20 12, 0.0 16, 0.0 9, 0.0 
30 19, 0.0 23, 0.0 N/A 
40 25, 2.0 30, 0.0 17, 0.0 
50 31, 1.0 39, 0.0 N/A 
 
 
 

Table 2. Minimum kmCDS in medium graph. 
|V| k=1, m=2 k=1, m=3 k=2, m=1 
10 3, 0.0 4, 0.0 3, 0.0 
20 3, 0.0 5, 0.0 3, 0.0 
30 2, 0.0 5, 0.0 3, 0.0 
40 4, 0.0 5, 0.0 3, 0.0 
50 5, 0.0 6, 0.0 3, 0.0 
 
Table 3. Minimum kmCDS in dense graph. 

|V| k=1, m=2 k=1, m=3 k=2, m=1 
10 3, 0.0 4, 0.0 3, 0.0 
20 3, 0.0 4, 0.0 3, 0.0 
30 3, 0.0 4, 0.0 3, 0.0 
40 3, 0.0 4, 0.0 3, 0.0 
50 3, 0.0 5, 0.0 3, 0.0 
 

Table 4. Minimum kmCDS in complete graph. 
|V| k=1, m=2 k=1, m=3 k=2, m=1 
10 2, 0.0 3, 0.0 3, 0.0 
20 2, 0.0 3, 0.0 3, 0.0 
30 2, 0.0 3, 0.0 3, 0.0 
40 2, 0.0 3, 0.0 3, 0.0 
50 2, 0.0 3, 0.0 3, 0.0 

As tables indicate, our algorithm showed good 
performance in all cases, which means, identified the 
optimal solution in a reasonable amount of time. 
 
6. Extension to maximum lifetime of the networks 
problem 
 

In this section, we explain the application of the 
optimal algorithm for the maximum network lifetime 
problem and similar applications can be found in [2, 
6, 14, 22]. 

Assume that for a given graph G=(V, E), let bv 
represent the amount of time resources for vertex v. 
Now we formally define the maximum network 
lifetime problem. Assume that schedule S is a set of 
pairs (d1,t1), (d2,t2), …, (dm,tm), where di is a k-
connected m-dominating set and ti  is a time duration 
of the vertices in di. Then the lifetime of the schedule 
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=
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i
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network lifetime problem asks maximize L(S) while 
satisfying the available time limit for each vertex 
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To enhance the understanding of the maximum 
network lifetime problem, the example is illustrated 
as shown in Figure 5. 

.

Figure 4. Flow chart of an optimal algorithm for 
the minimum kmCDS problem. 
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Assume that the requirement for the di is 2-connected 
1-dominating set, then the length of the optimal 
schedule is two and schedule is ((a,b,c), 1) and 
((d,e,f), 1). Note that the 2-connected 1-dominating 
set cannot be established after t=2. 

In this section, we want to design an optimal 
algorithm for the maximum network lifetime 
problem, and actually, it can be formulated as a linear 
programming. Assume that we enumerated all 
kmCDSs for a given graph, and we numbered it from 
1 to p. Let tj indicate the active time for the jth 
dominating set. 
Then the linear programming which maximizes the 
network lifetime can be formulated as follows. 
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, where aij takes one if vertex i is included in jth 
dominating set, otherwise it takes zero. 

However, constructing the coefficient matrix A 
in full seems impractical since the number of 
dominating sets can be huge. Therefore, in this 
research, we used the standard column generation 
approach to handle the dominating set implicitly 
rather than explicitly, and each column (=dominating 
set) is generated by the optimal algorithm for the 
minimum kmCDS problem which is suggested in the 
previous section. More interested readers can find the 
detailed process of the column generation procedure 
in [3]. 

Experimental environment is exactly the same 
as in Section 5. In this paper, we assume that the 
requirement for the dominating set is k=2 and m=1 
and bv is randomly assigned between 10 to 20. 
Preliminary computational results are presented as 
shown in Table 5. 

Table 5. Maximum network lifetime with random 
amount of resources 

|V| Sparse graph 
Columns Optimal Runtime

10 3 12 0.0 
20 4 21 0.03 
 Medium graph 
 Columns Optimal Runtime

10 15 39 0.063 
20 47 88.9 0.11 
 Dense graph 
10 16 49 0.063 
20 27 101.33 0.047 
 

7. Conclusion and future works 
 

In this research, we proposed an optimal 
algorithm for the minimum kmCDS problem which 
can be used to construct the virtual backbone in 
WSN. As far as we concerned, this is the first exact 
approach to address the problem. Our optimal 
algorithm uses several sub-algorithms, such as 
finding a Kth best minimum cut, identification of 
vertex connectivity and edge connectivity of a given 
graph. We also proposed a simple algorithm for the 
Kth best minimum cut problem using a combinatorial 
Benders' cut. Computational results show that our 
algorithm found the optimal solutions in a relative 
short amount of time. 

Other applications of the minimum kmCDS can 
be found in a maximum network lifetime problem. 
To address the lifetime problem, we proposed a 
column generation procedure to find a maximum 
network lifetime and preliminary computational 
results are included. However, our algorithms still 
have a room for the performance improvement and 
we are working on this issue. Also, even at this point, 
we are unsure about the possibility of expressing all 
the requirements of the kmCDS in one formulation. If 
this is a possible task, then studying the basic 
polyhedral structure arising from this formulation can 
be a future research topic. 
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